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Abstract. The scaling behaviour of the magnetic hard-square lattice gas is examined in the
vicinity of the multicritical line located by the recent exact solution. A simple scaling form
is proposed for the singular part of the free energy and corresponding scaling forms derived
for the sublattice density difference, the magnetisation and the densities. These are all
shown to be consistent with the exact results when restricted to the exact solution manifold.
In the case of the densities this is achieved by proving appropriate elliptic function identities.

1. Introduction

The magnetic hard-square lattice gas is a three-state interaction-round-a-face or IrRF
model (Jimbo and Miwa 1985) that generalises and incorporates the magnetic Ising
model and the hard-square (hexagon) lattice gas models. This general model has been
solved exactly (Pearce 1985) on special two-dimensional manifolds in the full five-
dimensional thermodynamic space spanned by the activity z, the diagonal (next-nearest-
neighbour) lattice gas interactions L, M and the diagonal magnetic interactions J, K.
These exact solution manifolds, denoted H (generalised hard hexagon), E (elliptic)
and T (trigonometric), are given by

H a=8=0

z=(1—e 5 (1—e™M)/(et ™M —eb—eM) (1.1)
E e"=(a+B)/B(1-a?)" eV =(a+p)/all-B"

z=af(1-a’)(1-B*)(1+aB)/(a+B) (1.2)
T et=(-a)p M =(1-pY)"Y

z=a’g’ (1.3)

where @ =tanh J, 8 =tanh K and z=z, +z_=2z, is the total activity of the particles.
For simplicity we will assume ferromagnetic interactions so that a, 8 =0.

The scaling behaviour of the non-magnetic hard-square (hexagon) models, with
J =K =0, has been examined by Huse (1983) on the basis of the exact solution (Baxter
1980, 1981, 1982, Baxter and Pearce 1982, 1983) on the H manifold. In particular,
Huse conjectured simple scaling forms for the density functions which were sub-
sequently confirmed (Pearce and Baxter 1984) on the H manifold using elliptic function
identities. In this paper I examine the scaling behaviour in the vicinity of the line of
multicritical points on the E manifold. The T manifold, which exhibits a line of
essential singularities, will not be considered in this paper.
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2. Scaling and the E manifold

The two-dimensional E manifold (1.2) is divided into two distinct physical regimes
El and EII by a line of multicritical points located by the additional equation

Ae=(1—-a’)(1-B)/aB(1+aB)=1. (2.1)

Regime EI (A¢ > 1) is a surface of twofold coexistence between the two paramagnetic
(V2 x+/2) square-ordered solid phases in which the particles preferentially occupy one
of the two sublattices of next-nearest-neighbour sites. Regime EIl (Ag<1) is a surface
of fivefold coexistence between the four ferromagnetic (v'2 X v'2) square-ordered solid
phases and the (paramagnetic) fluid phase.

The E manifold is more naturally parametrised with elliptic parameters u and ¢
in place of a and B. The coordinate transformation relating u and g to a and 8 (or
z,J, K, L and M), although complicated (equations (8a, b) of Pearce (1985)) is analytic
both within regimes EI and EIl and on the multicritical line. The parameter u appears
in the arguments of the elliptic functions. It lies in the interval 0< u < 7/3 and should
be regarded as an ‘anisotropy field’, with u = /6 corresponding to isotropic interactions
(J=K, L=M). The parameter g is the nome of the elliptic functions and plays the
role of a temperature-like variable or ‘thermal scaling field’. In EI g lies in the interval
—1<g<0andin EII g lies in the interval 0 <g <1, g =0 being the multicritical line.

The free energy per site can be written as

f= In =fana\+fsing (22)

where f,,, and fi,, are the analytic and singular parts at the multicritical line. The
known critical exponents (Pearce 1985) for the phase transition are

B\ =
B= Bl=§

where the exponents u, ¥, B and B, refer to the interfacial tension, correlation length,
magnetisation and sublattice density difference, respectively. Since the free energy
varies analytically on E, even across the multicritical line, the exponent « is not
properly defined. If, however, we assume the scaling relation

[V ST}
ocl—

El m=v

(2.3)
Ell

[~

kS
Il
S
I

>

2—a=dv (2.4)
for the specific heat exponent «, where d =2 is the lattice dimension, we obtain
a=-1, (2.5)

These exponents appear to lie in a new universality class.

Using the above exponents and the functional form of the exact results (Pearce
1985) on the E manifold, the full scaling form of the singular part of the free energy
near the multicritical line is expected to be

- (& i k Vs

j;in = qSFx ( 33 / £l 2 b u9 a ‘/-a A (2'6)
g PREIPER g7 lq]

where g is the ‘leading thermal non-linear scaling field’, h is the ‘magnetic symmetry
breaking non-linear scaling field’ and k is the ‘sublattice symmetry breaking non-linear
scaling field’. The ‘anisotropy field’ u is a marginal operator, in renormalisation group
language, that changes the scaling function but not the critical exponents. In (2.6) it
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is assumed that only one irrelevant scaling field g,, with correction to scaling exponent
i, contributes to the free energy, where g, =a is constant and the most likely iden-
tification of a is the lattice spacing or spatial cutoff. The F. and F functions are
both analytic for |g{ <1 and apply when ¢=0 and g <0 respectively. On the exact
solution manifold E, § = h = k =0 and in this case, since the free energy is analytic on
E (equation (9) in Pearce (1985)), we must have F . (u, x)= }:"I(O, 0,0, u x)=0.

The scaling forms for the sublattice density difference, magnetisation and densities
can all be obtained by differentiating (2.6). Differentiating with respect to the sublattice
symmetry breaking field k gives

) ()0t e )
—py~ (i ~(= R\ ualgl, ... 2.7
o1~ p: (ak C=(B)err (Es 2.7)

where R, is the derivative of F, with respect to its third argument. This is certainly
consistent with the exact solution (Pearce 1985)

EI p1—p2=(v8/3)|g]"*Q(9)Q(¢*) Q*(¢*) Q*(¢")/ Q"(q°)
Ell p1—p2=1q""Q(g)Q(g)Q(g")/ Q*(¢" ") Qlq")

where

X

Q(x)=J] (1-x"). (2.9)
n-=1
Evidently, on the exact solution manifold (g =h=k=0), (2.7) can be written as the
equality

-~

gky a2
Pl_P2=<a_k> ql'le.ll(q"') (2.10)
where (aE/ak) and R, are analytic and, if we make the identification
ak ,
ﬁ(q):O(q)Q(qﬁ (2.11)

the scaling functions are given by
Ri(x) = (v8/3)Q*(x*) Q*(x*)/ Q"(x*)
Ru(x) =3Q(x*)/ Q*(x)Q(x?).

Similarly, differentiating (2.6) with respect to the magnetic field h gives

== jﬁ) z(&_ﬁ) 316 A% (i. 32 )
" <6h v~ )l |q(5/:’“’a\q (2.13)

where M. is the derivative of F, with respect to its second argument. Again, this is
consistent with the exact results (Pearce 1985)

(2.12)

EI m=3(m,+my) =0

2 (2.14)

EII m=ig1e (9) Q(g")Q(g%)
) Qg

and on the exact solution manifold (¢ = h = k =0) we can write the magnetisation as

3h\ .
m=(a—h> q>'*M, ,(¢*"?) (2.15a)
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with

ah 2 2
oh (9)=Q(q)/Q(q)

M (x)=0 (2.15b)
Myu(x) =V2Q(x) Q(x*)/ Q*(x).

If we assume that only those scaling fields exhibited in (2.6) contribute, we find
that the singular part of the density is given by

e () ) D) e
dz 9z \ aq dz) \ ag

On the E manifold, however, (9f.,,/3d9) vanishes identically so the scaling form of the
densities should be
psing:ql/zx(q)Yl,ll(q}z) (217)

where the X and Y functions are analytic. The exact results for the densities on the
E manifold are (Pearce 1985)

1Q(9)Q(g%) Q°(¢)Q'(g")
Q(g" Q'(g")
EIl pit¢=D(g"?) (2.18)
Pt =p,+p2)=D(~¢"?)

where the critical (multicritical) density is p.= D(0)=14. It is not at all obvious from

these expressions that the singular parts of the densities (2.18) have the required scaling
form (2.17).

One definition of the singular part of the density is the difference between its value
for g>0 and the value obtained by analytically continuing from g <0 around the
singularity at ¢ =0. Alternatively, since the densities (2.18) admit Taylor expansions
in powers of ¢'/%, we can take pgine =3[p(g"?) = p(—q"/?)] to be the odd part of p(g"?).
In appendices 1 and 2 we will prove the identities

D(x) —D(—x)=—fxo x1)Q(xHQ(x"?)/Q7(x*) (2.19a)

D(x) = D(x*) = -3xQ(x) Q(x*) Q*(x*) Q*(x*)/ Q*(x*) Q(x'?).  (2.19b)
From these and (2.18) it follows immediately that

El P?Ohd 2(p|+p7)—D( )-—

fluid solid _

pu —pl =Dl(gq Y -D (‘I)=ql/zo(CI)Q(qz)Y?,Lljild(qs/z)
it~ pi* = D(-q"%) - D(g) = " Q(q) Q(g?) Yi%i%(¢*?)
(P)aing=0=¢q'?Q(g)Q(g") Yi°"U(¢**) (2.20a)
(P Dng=HD(g"*) = D(—g"*)]1=q"2Q(9)Q(g®) Y*(¢*"?)
(P17 Vsine =1 D(=q") = D(q"))]=q"2Q(9) Q(g>) Y{"(g""*)
where
YIX) = = Yifi%(—x) = -3Q*(x) Q*(x*)/ Q% (x*) Q%(x*)
Yioh(x) = (2.20b)
Y?l”“’(x)= Y (=x) = —3Q°(x*)/ Q7(x?).
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These results verify the simple scaling form (2.17) in detail and for both definitions
of piag with
X(q)=0Q(q)Q(g"). (2.21)

Before proceeding to prove the two identities (2.19), we observe that the correlation
length should scale with the same variables as the free energy so, since v =3, we expect

e =gl E, (s u, algl" ). (2.22)
q

Again this is consistent with the exact results, with in fact no dependence on u, and
may be written as the equality

£ =gl 2= (g, (2.23)

Actually, there are two correlation lengths £, and ¢, corresponding to the decay of
magnetisation-magnetisation correlations and density-density correlations respec-
tively. The exact results (Pearce 1985) are

EI 260 =¢"==Ink'(lq['")
o (2.24)
Ell Ex=¢"=-Ink'(|g")
where
k'(x)= H [Q=x>"N/(1+x>""H]% (2.25)

Appendix 1. The first identity

The identities (2.19) were first obtained by computer calculations as in Pearce and
Baxter (1984). To prove these identities analytically we will need the elliptic functions
(lgi<1)

S0o,q)= [T (1=g"w)(1 =" )1 ="

= 31T = fgw ) (AL1)
6u(s, 9)= [T (1-2¢™" " cos 2u g 2)(1-¢"")

= 3 (-7 e =g e, ) (A12)

Using the simple identities

6400, 9) = Q*(q)/ Q(q>) =f(q, ¢°)

S50 2 2 2/ 4 2 (Al.3)
0.(7/2,9)=0Q(q°)/Q(9)Q*(g*) =f(—¢q, ¢")
we see that
1 Q*(x)Q(x%) Q*(x)Q*(x")
PH=370060 o0
16400, x)8,(0, x7)
T30,(m/2, x°)84(0, x°) (A1.4)
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and hence the first identity in {2.19) becomes

6,(0, xz)
30400, x°)6,4(0, x)0,(m/2, x*)

x[84(0, x)0,00, x* Y — 04(7/2, x)0,(7/2, x*)]. (A1.5)

D(x)-D(—x)=

But now let z=-exp(27i/4) be a fourth root of unity. Then, using the fact that
04(m/4, x) = 0,3m/4, x) and the series representation (A1.2), we obtain

04(0, x)0,(0, x*) = 6,(m/2, x)8,(7/2, x)

= z 270,(mr/4, x)0,(mr/4, x%)

r=0

=i i (—1)" "™ exp[(m+n+1)2mir/4)

r=0 mn=-cc

x

=_4 Z xlsz—Snk+4n3+znAsk+| (A1.6)

nk=-x
< k2+all~6k+21f
=4 Z x12kIHal -6k 2
ki=—-x
= —4xf(—x7, x*)f(—x°, x**).

Here the sum on m has been restricted to the values m =4k —n—1 because of the
relation

1 p=0(mod 4)
0 p#0(mod4)

|
7=
rgo

Next, the double series was factored by transforming from n to !=n—k Finally,
putting (Al.6) into (A1.5) and using the simple identities (A1.3) and

fl=x,x*) = Q*(x*)/Q(x) (A1.8)

(A1.7)

b=

we obtain

4 QU X)Qx") QUx)Qx")
D(x)-D(~x)=—~
) D) = =X 07 OO
= —4xQ(x)Q(x) Q¥(x")/ Q"(x*) (A1.9)

which is (2.19a).

Appendix 2. The second identity

To prove the second identity (2.19b) we will first prove the auxiliary identity

Q*(x)Q(x*) Q*(xH Q¥ (x") _ fl=x x°)f(x%, x ")

3D = =1-2 5=, .
S T Y NS Az
Starting with (A1.4) and using the identity 6,(0, x) = 8,(7/4, x'/*) we find
2 /4y 3 6
3D(x) - 1= 04(0, x7)04(7 /4, x %) = 0,(m/2, x")6,(0, x°) (A2.2)

84(/2, x%)64(0, x°)
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From (A1l.3) the denominator here is

64(7/2, x7)64(0, x°) = f(—=x7, x°)f(x°, x'?) (A2.3)
as in (A2.1). It therefore remains to show that the numerator in (A2.2) is given by
0400, x7)0,(m/4, x"/*) = 0,(7/2, x7)8,(0, x°) = =2xf(—x, x*)f(x*, x"7). (A24)

This identity follows immediately from two further identities:

8400, x)0,37/12, x"" Y+ 8,(7/3, x0T/ 12, x"" Y+ 0,27/3, x?)0,(117/12, x"')

=304(7/2, x40, x°) (A2.5a)
040, x)0,37/12, xY") = 10,(7/3, x7) 04T/ 12, x"*Y = 16,(27/3, x)0,(117/12, x''*)
==3xf(—x, x*)f(x?, x"). (A2.5b)

The two identities (A2.5) can be proved analogously to (A1.6). Let z=exp(27i/6)
be a sixth root of unity so that
25: z"’={l p=0(mod 6)
r=0

0 p#0(modé6) (A2.6)

Then the identities (A2.5) are obtained by manipulating a double series representation
as follows:

5
67" Y 27 0,(mr/3, x*)0,(mw/4+7wr/6, x'?)
r=0

i i (_1)m+nx2m2+nz/4 envi/22(2m+n+2p)r

r=0mn=-

M=

xX

- Z (_l)k-#pxlm:ﬂ}kfn]»p»: (A27)

mk=—x

x
k+p 317+6k +2pii=2ky+p?
— (_1) Px r r

Lhk=—-x
= (=1 f(=x 72, xO) (x0T, x 1),

Here the sum on n has been restricted to the values n =6k ~2m —2p using (A2.6) and
the resulting double series was factored by transforming from m to I=m—k. The
particular identities (A2.5a) and (A2.5b) are obtained by choosing p=0 and p=1,
respectively, in (A2.7), and using the simple facts that

64(u,q)=0,(m+u,q)=0,m—uq) (A2.8)
2 +z*=2cos(2m/3)=—1. (A2.9)
This concludes the proof of (A2.1), which using the simple identity
f=w, 9)/f(q, gy =f(w, ")/ f(w, q) (A2.10)
can now be written as
f(x}, xb)fl(xl, XIZ)
e x) f2(x°% %)
L x (7 x )
£ x5 X)L Y

ID(x)-1=-2x

=-2x

(A2.11)
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Using this last form for D(x), the identity (2.195) to be proved becomes

f2(x2’ xll)fl(x.?, xIZ) _y fl(x4’ x24)f2(x6’ x24
f(x, le)f(x5, le)fZ(xh, le) f(xz’ x24)f(x10, x24)f2(x12’ x24)
4 3 4 24
- Q(x)0(xty LI L) (A2.12)

Q' (x*)Q*x")

Using (A2.10) this finally simplifies to

f(_x, le)f(__XS, x12)f2(_x6, le)_xf2(_x2, le)fZ(_XB, le)
Q4(x3)Q4(x24) f(x2, x24)f(x10, x24)j6(x12, x24)
QS(x6)QS(xl2) fZ(xZ’ le)f2(x3’ xIZ)

= (x%, x") A (x7, x'). (A2.13)

But this is just a special case (a=x* b=—x° c=-x’ d=1, g=x'?) of the very
general identity

flac)f(a/c)f(bd)f(b/d)—(b/c)f(ab)f(a/b)f(cd)f(c/d)=f(ad)f(a/d)f(bc)f(b/c)
(A2.14)

where a, b, ¢, d are complex and f(w)=/f(w, q). To prove this general identity let
F(a) be the ratio of the LHs of (A2.14) over the rRHs. Then F(a)= F(qga) is analytic
throughout a period annulus and hence is constant by Liouville’s theorem. Setting
a = ¢ verifies that the constant is unity. This completes the proof of the second scaling
identity (2.19b).

= Q(x)Q(x*
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